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Abstract
Neutral coated inclusions do not perturb a background uniform field when they are in-
serted into a homogeneous matrix. While coated inclusions of various shapes are neutral to a
single field, only concentric ellipses or confocal ellipsoids can be neutral to all uniform fields.
In this paper, we construct non-elliptical coated inclusions with anisotropic conductivity in
two dimensions that are neutral to all uniform fields, where the flux condition on the core’s
boundary is assigned dependently on the applied background field. Using such neutral in-
clusions, we obtain cylindrical neutral inclusions in three dimensions, with no flux applied
to the core’s boundary and with the anisotropic conductivity function of the shell given in
accordance with the background uniform field. Our derivation is based on the conformal
mapping technique for the potential problem. Using this complex analysis method, we also
construct EΩ-inclusions of general shapes.
AMS subject classifications. 35Q74, 35B30
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1 Introduction
Most conducting objects inserted in a medium of constant conductivity in which there are
uniform electric fields disturb these electric fields. The resulting fields are then generally not
uniform either inside or outside the object. Some coated inclusions, however, do not disturb
the exterior uniform field, and these are denoted as neutral inclusions. Once one has found
a neutral inclusion, one can continue to add similar inclusions, possibly of different sizes, to
the background matrix without altering the exterior uniform field [13]. In this way it becomes
possible to construct a composite, consisting of multiple inclusions and a background matrix,
whose effective property exactly coincides with that of the matrix. Two-dimensional conduc-
tivity problems can be equivalently considered as anti-plane elasticity problems. Well-known
examples of neutral inclusions are assemblages of coated disks and spheres [13, 15]. As the field
inside the core is uniform, these inclusions retain their neutrality even if the core material is
made non-linear (see, for example, [14, 17]). Appropriately coated ellipses and ellipsoids, with
the possibly anisotropic material parameters of the core, shell, and matrix, are neutral to all
uniform fields [25, 10, 44, 43, 36], and these are the only shapes of which coated inclusions admit
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such a uniformity property [37, 21, 22]. The concept of the neutral inclusion has been exten-
sively studied, especially for designing an invisibility cloaking structure with metamaterials. For
example, Zhou et al. constructed coated spheres or multi-layer spheres that are transparent to
acoustic waves, elastic waves, or electromagnetic waves [47, 48, 49]. Luo et al. [34] and Xi et
al. [46] found neutral inclusions for the Helmholtz equation that were based on carpet cloaks.
Later, Landy and Smith [27] physically realized these neutral inclusions with microwaves. Alu`
and Engheta [1] and Ammari et al. [2] discovered multi-coated neutral inclusions for Maxwell’s
equations.
Coated inclusions of non-elliptical shapes can be neutral to a single uniform field. Milton
and Serkov constructed various shapes of neutral inclusions in two dimensions with cores of
perfectly conducting or insulating material by using the conformal mapping technique [37], and
Jarczyk and Mityushev extended this work to cores of finite conductivities [16]. We recommend
that readers see [36] for more results and references. Recently, Kang and Li constructed weakly
neutral inclusions of general shapes with imperfect interfaces [23], and Choi et al. provided a
numerical method to construct multi-coated neutral inclusions of general shapes [7]. It is also
worth mentioning that Kim and Lim discovered non-elliptical inclusion shapes such that with a
suitable polynomial field at infinity, the field in the inclusion is uniform [26].
In the present paper, we construct non-elliptical coated inclusions in two dimensions that
are neutral to uniform background fields of all directions, where the flux condition on the core’s
boundary is assigned dependently on the applied background field. As the resulting active neutral
coated inclusions are not detectable by outside measurements, one can view this neutral inclusion
problem with the flux condition as active cloaking (see [35, 12, 41, 38, 39] for other examples of
active cloaking). Also, we design non-elliptical cylindrical neutral inclusions in three dimensions,
having no imposed flux on the core’s boundary, using the constructed two-dimensional neutral
inclusions. Our result for the three-dimensional neutral inclusion can be reinterpreted as a neutral
inclusion in two dimensions in which currents are applied to the core’s boundary. In the special
three-dimensional case where the shell has constant anisotropic conductivity we will see that
the condition for neutrality forces the conductivity tensor of the shell to have an eigenvector
aligned with the cylinder axis, and then the neutral inclusion shapes are exactly those found in
[37]. Our derivation relies on complex analysis. More precisely, we apply the conformal mapping
method developed in [37] to obtain a suitable potential function in a doubly connected region;
this is a powerful tool for solving such two-dimensional free boundary problems. As the second
subject of the paper, we also construct EΩ-inclusions using this method.
The total field perturbed due to conducting objects is not generally uniform inside the
objects, as mentioned before. However, there are certain shapes of inclusions inside which the
resulting field is uniform for an applied uniform loading. Eshelby showed that an ellipse or an
ellipsoid satisfies this uniformity property and conjectured the following: if an inclusion satisfies
the uniformity property, then it should be an ellipse or an ellipsoid [8, 9]. This conjecture was
proved to be true within the class of simply connected domains [24, 40, 42]. Following Liu et
al. [32] and Liu [30, 31] (periodic structure), we denote E-inclusion for an inclusion embedded
in infinite medium of constant conductivity (or embedded in a unit cell with periodic boundary
conditions) that satisfies the Eshelby’s uniformity property. We also denote, following Kang et
al. [20] and Bardsley et al. [4], EΩ-inclusion for an inclusion embedded in a body Ω of constant
conductivity that satisfies the uniformity property for some appropriate boundary conditions
on ∂Ω. Finding E- or EΩ-inclusions is an important problem with practical applications for
designing composites which for conductivity (or anti-plane elasticity) induce electric fields (or
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stresses) with small variances in the inclusion phases, that are less likely to breakdown (or
break) than inclusions with large variances of the electric field (or stress). Vigdergauz [45] used
the hodographic transformation approach to obtain periodic microstructures, called Vigdergauz
microstructures, which are two-dimensional E-inclusions with periodic boundary conditions (see
also the work by Grabovsky and Kohn [11]). The hodographic transformation approach can also
be used to obtain two-dimensional periodic structures with multiple inclusions in the unit cell:
see Section 23.9 of [36] and [3], and also for pairs of E-inclusions [6, 19]. Liu, James and Leo
[33, 28] constructed periodic two and three dimensional E-inclusions in connection with the
Hashin-Shtrikman bounds [15, 29]. E-inclusions were investigated by Kang [18] and Liu [28] in
relation to the classical Newtonian potential problem.
Non-elliptical E-inclusions have been studied following a variety of approaches. Kang, Kim,
and Milton constructed E-inclusions with two disjoint components in two dimensions using a
hodograph transformation [19]. Liu proved the existence of multiply connected E-inclusions
by a variational approach and proposed a numerical scheme to compute the inclusions which
satisfy the variational problem [28]. In [4, 20], various EΩ-inclusions were constructed. Using the
hodographic transformation approach, there is a restriction on the shape of the outer boundary
of EΩ-inclusion in [4, 20] and, hence, some shapes are not possible with these construction
schemes. In the present paper, however, we do not have such a restriction and our construction
scheme generates EΩ-inclusions with an outer boundary of general (analytic and smooth) shape.
This points to limitations of the hodographic approach.
The remainder of this paper is organized as follows. Since our analysis of two-dimensional
neutral inclusions is similar to our analysis of EΩ-inclusions, we describe them in the consecutive
sections 3 and 4. In section 2 we consider the cylindrical neutral inclusion in three dimensions
and reformulate the problem as a two-dimensional problem. Section 3 is devoted to neutral
inclusions with the active flux condition in two dimensions. In section 4, we then apply a similar
complex analysis method as the one used in section 3 to obtain EΩ-inclusions. The paper ends
with a conclusion.
2 Neutral cylindrical inclusions in three dimensions
We consider a cylindrical region (Ω \ D) × R, where Ω and D are simply connected planar
domains satisfying D ⊂ Ω. We set Θ = Ω \D and denote the conductivity in the coating phase
Θ× R by
σ = σ(x1, x2, x3) =
 σ11 σ12 σ13σ12 σ22 σ23
σ13 σ23 σ33
 .
The matrix σ is assumed to be real symmetric and positive definite, where σ11, σ12, σ22 are
constants. The coefficients σ13, σ23, σ33 are functions depending only on (x1, x2) that will be
determined later. The core D ×R is insulated, and the exterior region R3 \ (Ω×R) is occupied
by a homogeneous material with conductivity σ0 which is possibly anisotropic and given by
σ0 =
 σ0,11 σ0,12 0σ0,12 σ0,22 0
0 0 σ0,33
 .
The electric potential associated with the described conductivity profile is governed by the
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equation 
∇ · σ0∇ϕ0 = 0 in R3 \ (Ω× R),
(σ0∇ϕ0) · (n1, n2, 0) = (σ∇ϕ) · (n1, n2, 0) on ∂Ω× R,
ϕ0 = ϕ on ∂Ω× R,
∇ · σ∇ϕ = 0 in Θ× R,
(σ∇ϕ) · (n1, n2, 0) = 0 on ∂D × R,
(2.1)
where ϕ0 and ϕ are potential functions in R3\(Ω×R) and in Θ×R, respectively, and n = (n1, n2)
is the unit outward normal vector either to ∂Ω or to ∂D. We set e = (e1, e2, e3) and j = (j1, j2, j3)
to be the electric field and its associated current field in the coating phase Θ×R. The constitutive
relation between them is
∇ · j = 0, j = σe, e = −∇ϕ. (2.2)
Our aim is to construct a pair of simply connected domains (Ω, D) and the coating phase
conductivity σ such that (Ω, D) is neutral to an applied linear potential ϕ0, i.e., equation (2.1)
admits a solution of which ϕ0 is a linear function. We write, for ease of notation,
ϕ0(x1, x2, x3) = ψ0(x1, x2) + d3x3 (2.3)
= d1x1 + d2x2 + d3x3. (2.4)
In view of the cylindrical structure of the coating phase, we assume
ϕ(x1, x2, x3) = ψ(x1, x2) + d3x3 for some function ψ. (2.5)
Let us now apply a linear transformation to simplify the problem.
2.1 Simplification via a linear transformation
Let M denote the first 2×2 submatrix of a 3×3 matrix M. Since σ is a real symmetric positive
matrix, so is its submatrix σ. Furthermore, σ is constant from the assumption on σ11, σ12, σ22
and, hence, it admits the singular value decomposition
σ = UDUT , D = diag[λ1, λ2]
with some constants λ1, λ2 > 0 and a constant orthogonal matrix U, i.e., U
TU = UUT = I2.
Here, diag[λ1, λ2] denotes a diagonal matrix with the entries λ1, λ2 and I2 is the 2× 2 identity
matrix. We define F : R3 → R3 as the linear transformation given by F (x) = Fx, where the
Jacobian matrix F is
F =
(
F 0
0 1
)
with F =
(
1/
√
λ1 0
0 1/
√
λ2
)
UT . (2.6)
The 2×2 submatrix σ becomes isotropic (proportional to the identity matrix) via this mapping,
as will be shown in (2.11).
We denote the transformed space and the potential function in the coating phase by Θ˜ =
{Fy : y ∈ Θ} and ϕ˜(η) = (ϕ ◦ F−1) (η) for η ∈ Θ˜ × R. We similarly define Ω˜, D˜, ϕ˜0, ψ˜, and
ψ˜0. Since the transformation F changes only the first two variables, it holds that
ϕ˜0(η1, η2, η3) = ψ˜0(η1, η2) + d3η3, (2.7)
ϕ˜(η1, η2, η3) = ψ˜(η1, η2) + d3η3. (2.8)
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Note that
ψ˜0(η1, η2) = (d1 d2)F
−1(η1 η2)T . (2.9)
Equation (2.1) becomes
∇ · σ˜0∇ϕ˜0 = 0 in R3 \ (Ω˜× R),
(σ˜0∇ϕ˜0) · (n˜1, n˜2, 0) = (σ˜∇ϕ˜) · (n˜1, n˜2, 0) on ∂Ω˜× R,
ϕ˜0 = ϕ˜ on ∂Ω˜× R,
∇ · σ˜∇ϕ˜ = 0 in Θ˜× R,
(σ˜∇ϕ˜) · (n˜1, n˜2, 0) = 0 on ∂D˜ × R
(2.10)
with
σ˜0(η) =
Fσ0F
T
det(F)
∣∣∣∣
x=F−1η
, σ˜(η) =
FσFT
det(F)
∣∣∣∣
x=F−1η
, and n˜ =
(FT )−1n∥∥(FT )−1n∥∥ .
We may assume that det(U) = 1 so that det(F) = 1/
√
λ1λ2. One can easily see that
σ˜(η) =
√
λ1λ2
 1 0 h10 1 h2
h1 h2 σ33
∣∣∣∣∣∣
x=F−1η
with
(
h1
h2
)
= F
(
σ13
σ23
)
(2.11)
and
σ˜0 =
(
σ˜0 0
0
√
λ1λ2σ0,33
)
(2.12)
with
σ˜0 =
√
λ1λ2Fσ0F
T =:
√
λ1λ2 σ
aniso
0 . (2.13)
It is straightforward to see that
(σ˜0∇ϕ˜0(η)) · (n˜1, n˜2, 0) =
√
λ1λ2
(
σaniso0 ∇ψ˜0
)
· n˜ on ∂Ω˜. (2.14)
We set e˜ = (e˜1, e˜2, e˜3) and j˜ = (j˜1, j˜2, j˜3) to be the electric field and its associated current
field in the coating phase Θ˜× R. The constitutive relation is now
∇ · j˜ = 0, j˜ = σ˜e˜, e˜ = −∇ϕ˜. (2.15)
From (2.8), (2.11) and (2.15), it is straightforward to see that
(e˜1, e˜2) = −∇ψ˜, e˜3 = −d3, (2.16)
and
(j˜1, j˜2) =
√
λ1λ2 [(e˜1, e˜2)− d3(h1, h2)] , (2.17)
j˜3 =
√
λ1λ2(h1, h2) · (e˜1, e˜2)− d3σ33 in Θ˜× R. (2.18)
From the zero flux condition on the core’s boundary ∂D˜ × R, it holds that
(j˜1, j˜2) · n˜ = 0 on ∂D˜ × R. (2.19)
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2.2 Two-dimensional formulation
We further specify the material parameters (σ13, σ23, σ33) with which the problem (2.10) admits
a two-dimensional formulation.
To put it briefly, we give assumptions on (σ13, σ23, σ33) in relation to a given mean zero
function g on ∂D˜ and the first 2× 2 submatrix of σ. First, we impose the restriction on σ13, σ23
that (
σ13
σ23
)
= F−1
(
h1
h2
)
, (h1, h2) = ∇V (2.20)
for some function V = V (η1, η2) satisfying
∆V = 0 in Θ˜,
n˜ · ∇V = 0 on ∂Ω˜,
n˜ · ∇V = − 1d3 g on ∂D˜,
(2.21)
which defines g. Alternatively, given g we may solve (2.21) for V , which thus determines σ13, σ23
through (2.20). We assume d3 6= 0. We then set σ33 such that
σ33 = −
√
λ1λ2
d3
(h1, h2) · (e˜1, e˜2) + C, (2.22)
where C is a constant satisfying
C > h21 + h
2
2 +
√
λ1λ2
d3
(h1, h2) · (e˜1, e˜2).
The above equation is equivalent to h21 + h
2
2 < σ33, which implies positiveness for σ. Note that
the defined parameters (σ13, σ23, σ33) are independent of η3.
Assuming (2.20)-(2.22), it holds from (2.15), (2.17) and (2.18) that
j˜3 = const. and ∆ψ˜ = −∇ · (e˜1, e˜2) = 0 in Θ˜.
Using (2.17), (2.19) and (2.21), we have
∇ψ˜ · n˜ = −(e˜1, e˜2) · n˜ = −
√
λ1λ2
−1
(j˜1, j˜2) · n˜− d3(h1, h2) · n˜ = g on ∂D˜.
We remind the reader of the boundary relation (2.14). Furthermore, it holds from the boundary
condition on ∂Ω˜ of (2.21) that
(σ˜∇ϕ˜(η)) · (n˜1, n˜2, 0) = −(j˜1, j˜2) · n˜
= −
√
λ1λ2 [(e˜1, e˜2) · n˜− d3(h1, h2) · n˜]
=
√
λ1λ2
(
∇ψ˜ · n˜
)
on ∂Ω˜.
Hence, (ψ˜, ψ˜0) satisfies 
∇ ·
(
σaniso0 ∇ψ˜0
)
= 0 in R2 \ Ω˜,(
σaniso0 ∇ψ˜0
)
· n˜ = ∇ψ˜ · n˜ on ∂Ω˜,
ψ˜0 = ψ˜ on ∂Ω˜,
∆ψ˜ = 0 in Θ˜,
∇ψ˜ · n˜ = g on ∂D˜,
(2.23)
6
where ψ˜0 is a linear function given by (2.9). The problem (2.23) with (2.9) is over-determined
so that there exists a solution only for certain pairs of regions (Ω˜, D˜) and g.
It turns out that the following holds (see section 3.2): for a given 2 × 2 real symmetric
positive constant matrix σaniso0 and a simply connected domain Ω˜, we can construct D˜ such
that (Ω˜, D˜) is neutral to a given uniform field of arbitrary direction with g chosen dependently
on the uniform field direction.
As a result, we obtain cylindrical inclusions of non-elliptical shapes in three dimensions: for
a given Ω, σ, σ0, and ϕ0 (satisfying appropriate conditions assumed in the derivation), we can
construct a cylindrical inclusion (Ω × R, D × R) with the conductivity σ, which is neutral to
the uniform field ϕ0, where the entries (σ13, σ23, σ33) of σ are functions of x1, x2 determined
to satisfy (2.20)-(2.22). In the case when the pair of regions (Ω˜, D˜) admits a solution for the
two-dimensional problem (2.23) with g ≡ 0, then V as determined by (2.21) is a constant.
Hence σ13, σ23 given by (2.20) are zero and (2.22) implies σ33 = C (constant). Therefore, the
corresponding neutral cylindrical inclusion has a shell of constant conductivity. Conversely, if
the shell has constant conductivity then V given by (2.20) is a linear function of x1 and x2.
The function V must in fact be constant to satisfy the zero flux condition on ∂Ω˜ in (2.21) and
hence g = 0. The solution shapes (Ω˜, D˜) to equation (2.23) with g ≡ 0 were found in [37].
In other words, one obtains three dimensional cylindrical neutral inclusions with constant shell
conductivities with the shapes constructed in [37].
3 Non-elliptical neutral coated inclusions in two dimensions
In this section we consider the two-dimensional problem (2.23). For simplicity, we remove the
tilde sign and the underline sign. In particular, we let Ω and D be simply connected planar
domains such that D ⊂ Ω. The core region D is surrounded by a homogeneous isotropic coating
Θ := Ω \D, which has the conductivity σ1I2. The exterior region R2 \Ω is occupied by another
homogeneous material, possibly anisotropic, with the conductivity
σ0 =
(
σ11 σ12
σ12 σ22
)
.
We consider the potential problem
∇ · σ0∇ϕ0 = 0 in R2 \ Ω,
(σ0∇ϕ0) · n = (σ1∇ϕ1) · n on ∂Ω,
ϕ0 = ϕ1 on ∂Ω,
∆ϕ1 = 0 in Θ
(3.1)
with the flux condition on the core’s boundary
(σ1∇ϕ1(x)) · n = g(x) on ∂D, (3.2)
where n is the unit outward normal vector either to ∂Ω or to ∂D and g is a given mean zero
function on ∂D.
For a given Ω, we construct in the following subsections the core D and the flux function g
such that equations (3.1) with (3.2) admit a solution assuming that the exterior electric field is
uniform, i.e.,
ϕ0(x1, x2) = −e1x1 − e2x2 in R2 \ Ω (3.3)
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with some constants e1, e2. We denote the uniform electric field and its associated current by
e0 = (e1, e2) = −∇ϕ0, j0 = (j1, j2) = σ0e0.
We also set the complex numbers e0 = e1 + ie2 and j0 = j1 + ij2.
3.1 Formulation in terms of analytic functions
We reformulate the over-determined problem (3.1)-(3.3) in terms of complex analytic functions
by using the fact that the potential function ϕ1 in the coating phase Θ is harmonic. We apply the
complex potential approach in [37], where a free-boundary problem similar to (3.1) was solved
and neutral coated inclusions were constructed when D is either a hole or a perfect conductor.
We identify the two-dimensional real vector x = (x1, x2) with the complex number z =
x1 + ix2. Being a harmonic function, the potential ϕ1 admits a complex analytic function
w(z) = ϕ1(z) + iψ1(z) in Θ.
We denote by t the positively oriented unit tangential vector either on ∂Ω or on ∂D. From the
Cauchy-Riemann equations that hold for complex analytic functions, it follows that
∇ψ1(x) · t = ∇ϕ1(x) · n on ∂Ω, ∂D.
The boundary conditions on ϕ1 imply that ∇ϕ1(x) · n = g(x)/σ1 on ∂D and ∇ϕ1(x) · n =
−j0/σ1 · n = (j2,−j1)/σ1 · t on ∂Ω. Therefore, it holds that{
∇ψ1(x) · t = g(x)/σ1, x ∈ ∂D,
ψ1(x) = (j2x1 − j1x2)/σ1, x ∈ ∂Ω,
(3.4)
where the constant term in ψ1 is neglected without loss of generality. One can easily deduce
from this condition on ∂Ω and (3.3) that
w(z) = kz + hz¯ on ∂Ω, (3.5)
where k and h are complex constants determined by the uniform electric field e0 via the relations
k = −1
2
(
e0 + σ
−1
1 j0
)
, h =
1
2
(−e0 + σ−11 j0) . (3.6)
Conversely, the electric and current fields satisfy
e1 + ie2 = −h− k, j1 + ij2 = σ1(h− k). (3.7)
Since the coating phase Θ is a doubly connected region, there is a conformal mapping from
an annulus to Θ. We set the annulus to have the outer radius 1 and inner radius r with 0 < r < 1.
The conformal mapping admits a Laurent series expansion, namely
z(p) =
∞∑
n=−∞
anp
n, r < |p| < 1, (3.8)
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where the coefficients an are determined by Θ. Also, the analytic function w admits a Laurent
series expansion
w(p) =
∞∑
n=−∞
bnp
n, r < |p| < 1, (3.9)
where the coefficients bn are determined to satisfy the boundary conditions (3.4). By substituting
the formal series expansions (3.8) and (3.9) with |p| = 1 in the place of z and w in (3.5), we
obtain
bn = kan + ha−n, n ∈ Z. (3.10)
Based on the derived relations, one can construct active neutral inclusions as follows. We
first choose geometric coefficients an. Then, we determine bn by (3.10) for an arbitrary uniform
potential ϕ0 given by (3.3). We set the pair of domains (Ω, D) and the boundary flux g on ∂D
as
∂Ω = {z(p) : |p| = 1}, ∂D = {z(p) : |p| = r}, g = σ1∇<{w} · n. (3.11)
As long as both z(p) and w(p) converge to analytic functions in the coating phase Θ = Ω \D,
the pair of domains (Ω, D) with the flux g on ∂D is neutral to ϕ0.
3.2 Neutral coated inclusion with the outer domain Ω of arbitrary shape
Let Ω be a simply connected domain whose boundary is an analytic curve, i.e., ∂Ω can be
parametrized by {z(p) : |p| = 1} with a Laurent series
z(p) =
+∞∑
n=−∞
anp
n
that is analytic and univalent in the annulus {p ∈ C : 1/ρ∗ < |p| < ρ∗} for some ρ∗ > 1. Then,
the resulting Laurent series
w(p) =
+∞∑
n=−∞
(kan + ha−n) pn
is also analytic in {p ∈ C : 1/ρ∗ < |p| < ρ∗}, where k and h are constants determined by a given
uniform potential ϕ0(x1, x2) = −e1x1− e2x2 (see the relation (3.6)). We can construct a neutral
coated inclusion as (3.11), which is neutral to ϕ0, for any 1/ρ
∗ < r < 1.
Now, let Ω be an arbitrary simply connected domain and denote
z(p) =
+∞∑
n=0
anp
n
be the associated conformal mapping from the unit disk to Ω. We further assume that z(p) is
analytic and univalent in {p ∈ C : |p| < ρ∗} for some ρ∗ > 1. We again let ϕ0 be an arbitrary
uniform potential. Then, the resulting Laurent series
w(p) =
+∞∑
n=0
kanp
n +
0∑
n=−∞
ha−npn
is analytic in {p ∈ C : 1/ρ∗ < |p| < ρ∗}, where the constants k and h are given by (3.6). For any
1/ρ∗ < r < 1, the coated inclusion (Ω, D) with g defined by (3.11) is neutral to ϕ0.
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(a) (b)
(c) (d)
Figure 3.1: Non-elliptical active neutral inclusions. The figures illustrate ∂D, ∂Ω and the current
flow in R2\D (equipotential lines of ϕ1). The non-zero geometric parameters are a1 = 1−i, a2 =
0.3 − 0.3i. The conductivity σ1 of the coating and the parameter r are as follows: (a) σ1/σ0 =
4, r = 0.5; (b) σ1/σ0 = 1.22, r = 0.5; (c) σ1/σ0 = 4, r = 0.7; (d) σ1/σ0 = 1.22, r = 0.7.
arg(p)
0 : 2:
g/
< 1
-2
-1
0
1
2
(a)
arg(p)
0 : 2:
g/
< 1
-2
-1
0
1
2
(b)
arg(p)
0 : 2 :
g/
< 1
-0.5
0
0.5
(c)
arg(p)
0 : 2:
g/
< 1
-2
-1
0
1
2
(c)
Figure 3.2: The boundary flux g on ∂D that corresponds to examples in Fig. 3.1.
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(a) (b)
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Figure 3.3: Non-elliptical active neutral inclusions. The figures illustrate ∂D, ∂Ω and the current
flow in R2 \D (equipotential lines of ϕ1). While the geometry and material parameters (an, r,
and σ1/σ0) are the same as in Fig. 3.1, the current flow has a different direction from that in
Fig. 3.1.
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Figure 3.4: The boundary flux g on ∂D that corresponds to examples in Fig. 3.3.
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We would like to emphasize that one can take appropriate k and h for an arbitrary external
uniform field. In other words, the pair of domains (Ω, D) is neutral to any uniform field ϕ0 with
g suitably chosen dependently on ϕ0.
3.3 Numerical examples
Fig. 3.1 and Fig. 3.3 illustrate active neutral inclusions. The pair (Ω, D) and the boundary flux g
are constructed based on the conformal mapping expression (3.11). The corresponding boundary
flux g on ∂D is shown in Fig. 3.2 and in Fig. 3.4, respectively. While the pairs (Ω, D) are exactly
the same in the two figures Fig. 3.1 and Fig. 3.3, the background potential generates a horizontal
current flow in Fig. 3.1 and a vertical current flow in Fig. 3.3; the flux g is defined in accordance
with the exterior field.
4 Construction of EΩ-inclusions of general shape
In [4], the boundary of a family of EΩ-inclusions is given by the parametrization
x1 = f
(
±
√
1− x2
1 + x2
)
,
where f is a meromorphic function that has no pole in the real axis. This formula gives rise to
EΩ-inclusions such that each x2 corresponds to two x1 values (one x1 value at the extremal points
x2 = ±1). However, we do not have such a restriction in the following construction scheme, and
it generates EΩ-inclusions with an outer boundary of general shape; see Figure 4.5.
Let Ω and D be a simply connected bounded planar domain such that D ⊂ Ω. We assume
that the core D has a constant, possibly anisotropic, conductivity, say σ0, and we assume that
the core is surrounded by an isotropic coating Θ := Ω \ D with conductivity σ1. We consider
the following conductivity problem:
∇ · σ0∇ϕ0 = 0 in D,
(σ0∇ϕ0) · n = σ1∇ϕ1 · n on ∂D,
ϕ0 = ϕ1 on ∂D,
∆ϕ1 = 0 in Θ,
σ1∇ϕ1 · n = g on ∂Ω,
(4.1)
where n is the unit outward normal vector either to ∂Ω or to ∂D and g is a given flux on ∂Ω.
We further assume the uniformity condition
ϕ0(x1, x2) = −e1x1 − e2x2 (4.2)
with some constants e1, e2. We denote e0 = (e1, e2) = −∇ϕ0 for the uniform electric field and
j0 = (j1, j2) = σ0e0 for the associated current field inside D.
The problem (4.1)-(4.2) is overdetermined. If a certain pair of domains (Ω, D) admits a
solution (for some g and e1, e2), then we call D an EΩ-inclusion. We will show that any simply
connected planar domain is an EΩ-inclusion for some domain Ω. We construct Ω by using the
complex analysis method similar to that in the previous section.
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4.1 Formulation in terms of analytic functions
As in section 3.1 we apply the complex analysis method in [37].
By following the derivation in section 3.1, the harmonic function ϕ1 admits a complex analytic
potential function
w(z) = ϕ1(z) + iψ1(z) in Θ
with the boundary condition{
∇ψ1(x) · t = g(x)/σ1, x ∈ ∂Ω,
ψ1(x) = (j2x1 − j1x2)/σ1, x ∈ ∂D,
(4.3)
where t is the tangential vector to ∂Ω.
Since Θ is a doubly connected region, there is a conformal mapping from an annulus, say
with outer radius R and inner radius r, to Θ. We suppose this conformal mapping has a Laurent
series expansion
z(p) =
∞∑
n=−∞
anp
n, r < |p| < R. (4.4)
The complex potential function w, which is analytic in Θ, also admits a Laurent series expansion
in p:
w(p) =
∞∑
n=−∞
bnp
n, r < |p| < R, (4.5)
where the coefficients bn should be determined to satisfy the boundary constraints (4.3). In
particular, in view of the uniformity assumption on the internal field (4.2), the interface condition
on ∂D implies
w(z) = kz + hz¯ on ∂D. (4.6)
As in section 3.1, the complex constants k and h are determined by the electric field in D via
the relation (3.6). By substituting the formal series expansions (4.4) and (4.5) in the interface
equation (4.6), we obtain
bn = kan + hr
−2na−n, n ∈ Z. (4.7)
As a Laurent series expansion z(p) and an interior potential ϕ0 are given, one can construct
the solution ϕ1 to (4.1) by (4.7), as long as both z(p) and w(p) converge to analytic functions
in Θ. For such a case, we set the pair of domains (Ω, D) and the boundary flux g on ∂Ω as
∂Ω = {z(p) : |p| = R}, ∂D = {z(p) : |p| = r}, g = σ1∇<{w} · n. (4.8)
4.2 An EΩ-inclusion with a core of arbitrary shape and (EΩ,Ω
′)-inclusions
Let D be a simply connected domain whose boundary is an analytic curve. In other words, ∂D
can be parametrized by {z(p) : |p| = r} with a Laurent series
z(p) =
+∞∑
n=−∞
anp
n
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that is analytic and univalent in the annulus {p ∈ C : r/ρ∗ < |p| < rρ∗}, for some r > 0 and
ρ∗ > 1. The resulting Laurent series
w(p) =
+∞∑
n=−∞
(
kan + hr
−2na−n
)
pn
is also analytic in {p ∈ C : r/ρ∗ < |p| < rρ∗}, where g and h are constants determined by a
given uniform potential ϕ0(x1, x2) = −e1x1 − e2x2. We then obtain EΩ-inclusions by (4.8) for
any R such that r < R < rρ∗.
Now, let D be an arbitrary simply connected domain and denote
z(p) =
+∞∑
n=0
anp
n
the corresponding conformal mapping from {z ∈ C : |z| < r} to D, where r is fixed. We further
assume that z(p) is analytic and univalent in {p ∈ C : |p| < rρ∗} for some ρ∗ > 1. We let
ϕ0(x1, x2) = −e1x1 − e2x2 be an arbitrary uniform field inside D. Then, the resulting Laurent
series
w(p) =
+∞∑
n=0
kanp
n +
0∑
n=−∞
hr−2na−npn
is analytic in {p ∈ C : r/ρ∗ < |p| < rρ∗}, where the constants g and h are given by (3.6).
In conclusion, the core D is an EΩ-inclusion with Ω determined by (4.8) for any R such that
r < R < rρ∗.
Note that for both the two approaches in this subsection, D satisfies the uniformity property
with Ω′ in the place of Ω, where Ω′ is given by
∂Ω′ := {z(p) : p ∈ γ} for any Jordan curve γ ⊂ {p ∈ C : r < |p| < rρ∗}.
For such a case, we call D an (EΩ,Ω
′)-inclusion. Fig. 4.6 shows several possible boundaries of
Ω′.
4.3 Numerical examples
Fig. 4.1 and Fig. 4.3 show EΩ-inclusions, where the corresponding boundary flux g on ∂Ω is
drawn in Fig. 4.2 and Fig. 4.4, respectively. The pairs (Ω, D) and g are constructed by use of
(4.8). From these two examples, one can clearly see that the same pair of regions (Ω, D) can
induce an interior uniform field of multiple directions, by choosing g according to the uniform
field direction. While most coefficients an are zero for the examples in Fig. 4.1, the coefficients an
in Fig. 4.3 decay relatively slowly as n increases. The corresponding boundary flux g in Fig. 4.4
is more oscillatory than that in Fig. 4.2.
Examples in Fig. 4.3 are created using Appell’s hypergeometric function
F1(a, b, b
′, c;x, y) =
∞∑
m=0
∞∑
n=0
1
m!n!
Γ(a+m+ n)
Γ(a)
Γ(b+m)
Γ(b)
Γ(b′ + n)
Γ(b′)
Γ(c)
Γ(c+m+ n)
xmyn.
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It is well known that Ψ(z) := zF1(1/5, 4/5,−2/5, 6/5, z5,−z5) maps the unit disc to a 5-pointed
star [5]. For the examples in Fig. 4.3, we set
an =
{
0.9n ∗ cn, for 1 ≤ n ≤ 100,
0, otherwise,
(4.9)
where cn is the z
n-component coefficient of Ψ(z). The coefficients an exponentially decrease as n
increases so that the corresponding conformal mapping sends the unit disk to a smooth domain.
Hence, Ω has a shape of a polygon with rounded corners.
Fig. (4.5) shows EΩ-inclusions of various shapes. We emphasize that the star-shaped domain
D in Fig. (4.5)(d) cannot be achieved by applying the hodograph transformation (which is used
in [4, 19]). Roughly speaking, in the hodograph transformation method one constructs the core
D by stretching a slit in the direction orthogonal to the slit. Therefore, the outer boundary of
D should have either zero, one, or two intersecting points with any line which is orthogonal to
the slit direction.
5 Conclusions
In this paper we construct non-elliptical coated inclusions in two dimensions and a cylindrical
neutral inclusion in three dimensions, based on the complex analysis method. By using a similar
conformal mapping technique, we also obtain EΩ-inclusions. Our method does not imply a
restriction on the shape of the boundary of the EΩ-inclusion, but generates EΩ-inclusions with
an outer boundary of general shape.
Acknowledgements
ML is supported by the Korean Ministry of Science, ICT and Future Planning through NRF -
2016R1A2B4014530. GWM is grateful for support from the KAIST mathematics research station
(KMRS) and from the National Science Foundation through Grants DMS-1211359 and DMS-
1814854.
References
[1] Andrea Alu` and Nader Engheta. Achieving transparency with plasmonic and metamaterial
coatings. Phys. Rev. E, 72(1):0166623, July 2005.
[2] Habib Ammari, Hyeonbae Kang, Hyundae Lee, Mikyoung Lim, and Sanghyeon Yu. En-
hancement of near cloaking for the full maxwell equations. SIAM J. Appl. Math.,
73(6):2055–2076, 2013.
[3] Y. A. Antipov. Slit maps in the study of equal-strength cavities in n-connected elastic
planar domains. SIAM Journal on Applied Mathematics, 78(1):320–342, jan 2018.
[4] P. Bardsley, M. S. Primrose, M. Zhao, J. Boyle, N. Briggs, Z. Koch, and G. W. Milton.
Criteria for guaranteed breakdown in two-phase inhomogeneous bodies. Inverse Problems,
33(8):085006, 2017.
15
(a) (b)
(c) (d)
Figure 4.1: EΩ-inclusions. The figures illustrate ∂D, ∂Ω and the current flow (equipotential lines
of ϕ1). The pairs (Ω, D) and the boundary flux g are constructed by use of (4.8). The nonzero
geometric parameters are a−2 = −0.03− 0.03i, a−1 = 0.06 + 0.06i, a1 = 1− i, a2 = 0.3− 0.3i
and σ1/σ0 = 4. The domains Ω and D are given by (4.4) with R = 1 and r given as follows: (a),
(b) r = 0.5; (c), (d) r = 0.8.
arg(p)
0 : 2:
g/
< 1
-1
-0.5
0
0.5
1
(a)
arg(p)
0 : 2:
g/
< 1
-1
-0.5
0
0.5
1
(b)
arg(p)
0 : 2 :
g/
< 1
-0.5
0
0.5
(c)
arg(p)
0 : 2:
g/
< 1
-1
-0.5
0
0.5
1
(d)
Figure 4.2: The associated boundary current flux g that corresponds to the examples in Fig. 4.1.
16
(a) (b)
(c) (d)
Figure 4.3: EΩ-inclusions. The figures illustrate ∂D, ∂Ω and the current flow (equipotential
lines of ϕ1). The pairs (Ω, D) and the boundary flux g are constructed by use of (4.8) with the
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Figure 4.5: Various EΩ-inclusions (solid curve) with a possible boundary of Ω (dotted curve).
Figure 4.6: The black solid curve is an (EΩ,Ω
′)-inclusion, where the blue solid curve and the
black dotted curves are possible boundaries of Ω and Ω′, respectively. The left figure corresponds
to Fig. 4.1(a) and the right figure to Fig. 4.3(a).
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